Suppose that M is a complete noncompact Riemannian manifold of dimension n. In the present paper, we obtain a Hamilton's gradient estimate for positive solutions of the fast diffusion equations
Introduction
Starting with the pioneering work of P. Li and S. T. Yau in the seminar paper [4] , gradient estimates are also called differential Harnack inequalities, because one can obtain the classical Harnack inequality after integrating the gradient estimate along paths in space-time. These concepts are very powerful tools in [5] ). Later, Sun [6] extended these results to general geometric flow.
Under some curvature constraints, in [3] the authors have established a Homilton's gradient estimates for the fast diffusion equations under Ricci flow on a complete noncompact Riemannian manifold. We can strengthen the assumption of their results by considering the general geometric flow. In this paper, we will study the interesting Li-Yau type estimate for the positive solutions of fast diffusion equations (FDE for
on the complete noncompact Riemannian manifold M with evolving metric under the general geometric flow.
Before presenting our main results about the equation, it seems necessary to support our idea of considering this equation. FDE describes physical processes of diffusion in plasma, gas kinetics, thin liquid film dynamics and so on. This equation also arises in many geometric phenomena, and we refer the reader to the book [7] for more details.
Let t ∈ [0, T ] and (M, g(t)) be a complete solution to the general geometric flow
To study the positive solution of FDE, we use the following transformation,
which is known as Hopf transformation of u, and it is very useful in forgoing because
By above assumption (1) can be rewritten as
Now we can present our main result for the system (1) and (4) in the following theorem.
Theorem 1.1. Suppose (M n , g(t)) t∈[0,T ] is a complete solution to (2) and
on B ρ,T for some positive constant k. Assume that f is any positive solution to (4) and 1 − 4 n + 8 < m < 1. 
,T with t ̸ = 0. Together with the transformation (3), we have
In this section we clue on the proof of our main result. To this end, we need two important lemmas.
Lemma 2.1. Let the smooth positive function f : M × [0, T ] → R satisfies (4) and denote
where
In order to get the desired result, we take a cut-off function Ψ by Li-Yau [4] on B ρ 2 ,T . Define a smooth function Ψ :
,T . The construction of depends on its properties as came in the following lemma.
Lemma 2.2. [3]
For a given τ ∈ (0, T ], the smooth function Ψ satisfies the following properties:
3.
Proof of Theorem 1.1: Assume the same notation of f and w in the Lemma (2.1).
Let (x 1 , t 1 ) be a point, at which the function Ψw attains its maximum value and x 1 is not in the cut-locus of M by [4] . Then at the point (x 1 , t 1 ) the following conditions are hold.
By straightforward computations, we deduce
at (x 1 , t 1 ) with C ′′ = C ′′ (n) is a positive real. Applying the inequality √ x 2 + y 2 ≤ x + y which holds for
x, y ≥ 0 and using Ψ(x, τ ) ≤ 1, then for all x ∈ M we have the following estimate
Since τ ∈ (0, T ] was chosen arbitrary, we obtain
Notice that
Finally we obtain
with C = C(n). Now by replacing f with u, the above inequality yields (1 − f ) = 1 + log A u
which proves the Corollary (1.2 ).
